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XVII. Researches in Physical Astronomy. By J. W. Lussock, Esq. V.P. and
Treas. R.S.

Read June 7, 1832.

I SUBJOIN some further developments in the Theory of the Moon, which I
have thought it advisable to give at length, in order to save the trouble of
the calculator and to avoid the danger of mistake, although they may be ob-
tained with great readiness and facility by means of the Table which I have
given for the purpose.

While on the one hand it seems desirable to introduce into the science
of Physical Astronomy a greater degree of uniformity, by bringing to per-
fection a Theory of the Mcon, founded on the integration of the equations
which are used in the planetary theory, it seems also no less important to
complete in the latter the method hitherto applied solely to the periodic in-
equalities. Hitherto those terms in the disturbing function which give rise to
the secular inequalities have been detached, and the stability of the system has
been inferred by means of the integration of certain equations, which are linear
when the higher powers of the eccentricities are neglected, and from consi-
derations founded on the variation of the elliptic constants.

The stability of the system may, I think, also be inferred from the expres-
sions which result at once from the direct integration of the differential equa-
tions. In fact, in order that the system may be stable, it is necessary that
none of the angles under the sign sine or cosine be imaginary, which terms
would then be converted into exponentials, and be subject to indefinite in-
crease. In the lunar theory, the arbitrary quantities being determined with
that view, according to the method here given, the angles which are intro-
duced may be reduced to the difference of the mean motions of the sun
~and moon, their mean anomalies and the argument of the moon’s latitude *.

* So that however far the approximation be carried, all the arguments, in the expressions of 7, s,
and A are of the form, ¢t + k@ + Iz + my; i, k, I, and m being some whole numbers.

[
b2
The Royal Society is collaborating with JSTOR to digitize, preserve, and extend access to & )2
Philosophical Transactions of the Royal Society of London. STOR N

WWw.jstor.org



362 MR. LUBBOCK’S RESEARCHES

This being the case, no imaginary angles are introduced, if the quantities
c and g are rational. This theory, which does not seem to be limited by the
direction of the moon’s motion, and which may be extended without difficulty,
already embraces the terms which are included in the secular inequalities,
and which are derived from the constant part of R carried to the order of the
squares of the eccentricities. Generally when the method of the variation of
constants is employed to determine any inequalities, the development of R
must be carried one degree further, as regards the eccentricities, than the de-
gree which is required of the inequalities sought.

The equation for determining the coefficients of the expression for the reci-
procal of the radius vector is,

d.rel sd.p (al)2

r r 2w (a}—)s dR
X — "L Ky any =
sdF~ Tde T 2de ae r+a.+%/:m+’(dr)—°

va. L 3 (; s,) {{1+3e2(1+%)}n——(1+-e* (ry + 72)

—_ _g_ {2rorl+e9(rg+r4) 7o+ e (r5+ 1) rﬁ} }cos2t+&c.

— 362 {271y 4 2707y + 2707y}
. being the coefficient corresponding to the n argument in the development
of rB%. The development of r3 3 -l; is easily deduced from that of r B-rl given
’in the Phil. Trans. 1832, Part I. p.‘ 3, and that of (r N % )2 from that of (5 _;_ )2’

p- 4. If v, is that part of the coefficient of the »™ argument in the development

. 1 3 1\2 « y e s .
of the quantity 130 - — 5 (19 ;—) which is independent of r,, with a contrary
sign ;

t.1—"~'(l + —e) (rs+7) + = {27'07'1'*'32(7'3’*'7'4)794‘ el (rs+ 1) 75 }
—3e{2ry1ry+ 2775 + 2707, }
rg.___(l+ )(21‘0+e W+ S{eryntenn

—6 {rog+r1 + = e9r3 +&c.}
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Ty == % (1 + %eg) (e2ry + 1)) +-g—{r,'rg+2ror3}
=3 {2ryr (s +1y) o+ 2 (rs+ 1) 75}
= .g_(l + = eﬂ) (r + e2ry) + 5 {1 7o+ Qroré}
=3 {2ror e (rs + 1) 1o+ €2 (rs + 1) 1y}

3 (1 3 )(egr + e?ry) + = 7 {r,r7+rlr6+2rorb}

.b___é_

;= —g—(l + "eg) (erp+erg)+ = {1'57'1-{-27‘07‘5}

3 3
= % (l + 5 e9) (e2ry, + €e2ryg) + —2—{1*5?1 + 27‘01‘7}

]

ts=—2—(1 + ——eg (2ro+ 1o+ €1y) + ¢ r9+ ——{Tg F v+ Ty w}
- 3{2r09+ 2 (re 1) 7+ 2rorg} +3 {rcf‘+ ’—2‘3}
t‘g_.—~(1 + —~—eQ (e?ry +15) + ]6r41-%{rgr3+2r0r9}
—-3{1‘,724- 2rors}+~2—-{2rorl+e9r3r2}
to= ‘_(l + —eg) (ry + €27y) + rs -g_{u 7o+ 21‘or,0}
—3{rlrg+ 2'ror4} +—2—~{27’07’1+e‘2r31‘2}
T, = -—(1 + = 3 e9> (rs + ery) + = {r,rls+r1rlg+rgr5+r6r4+r3r7+ Zroru}

—3{r 1o+ 21075}

T, = ——(l 4+ =) (ery + 1) + — {’1‘111‘1 + roTs+ 575 + 27'07'12} -3 {rsrl'!“ 27‘0"6}
1‘13._—-(1-[--—-—8g (ry + €1y) + & 3 {r”rl+r97‘7+7'57'4+27'07‘l3}—3 {7'57'1‘1' 27'0”7}
T = -—-(l + = e“)(e‘lr%—}- 75) + — {7'157'1 F ottt "s"s+7‘77'4+27'o7”14}

—3{rlr7+r‘rs+2ror5}

t= -—(I + = ) (&Ergy +17) + = {rmr, +rgr'.,+r5r3}—3 {r5r1+21'0r7}

t16='—2—(1‘+ 5 e?) (rs+ €ry) + —é—{fn"‘l +"g"'5+7'57'4} -3 {7'5'1“"' 2"'07'6}
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3 3
t”.-__ 4 = )(e9r32+e Too) + = {r&-}- r7r5+r1rm+r,rw}
te= S (14 3 e (2150 + €°r,
8= 5 3 30 34) + Ty 71+ 7576

o= %(l +_—Z- ) (2745 +€2ryy) + —2—{1",77', +r7'r5}

?20=—?2’—(l+—z—eg)r3+—18—70 tg,#%(l+%eﬁ r9+1_16r

Top = g—(l+%e9)rw+llrl t%=—g-(l ;}-%—eg)r“

Toy = —g—(l +-g—e9)rm t‘g5=—g—(l + %—eﬁ) 15

1‘%=% I+ _g—ea)rn_ t27._—-(1+—8—e9)r,5 t%:_g_(l-{-_g_c% i
1’29=—g-(1 + % e‘Z)r17 T = —g (1 +% eg> Tis t = %(l + ‘2. e%) 1o
r”-_—.;:i.(1+ %—eg)r” t33=%(1+% e9>r19 ts4=—g— (1 +%e2)ns
t;, =0 ty =0 ty, =0

ra=3 1+——e)r%+.l—"6r2 r39=%(1+%eﬂ)r§,+;§r3
t4o=%(l+%e“’>r%+ T%u t41=%(1+%e%’>r%+ T%r5
r42=.‘;—(1+7%e9)r94+i%r5 t?43=—3-<1+ %69 r25+11-67'7
1’44-‘—‘%(]"‘%32)7’964'7%’5 t45=%(1+%eg)%7+-1167’7
t45=%(1+§g—e‘l)r%+l-lar6 t47_—-(l+ ‘)r%

Let R, be the coefficient corresponding to the nh argument in the develop-
ment of @ R + ad R, m R', the coefficient corresponding to the ™ argument in
the development of ¢dd R with its sign changed, Phil. Trans. 1832, p. 161,
so that, for example, when the square of the disturbing force is neglected,

3 3
R, = —-—‘—l—%g‘g then

e\ _ (@—2m)y* | 2 { 2 } m )
n {1430 (14 §) | =gzt <2—2m>%~1{ z=zm " R“+?—2mR’}

2 2 1
e {1—%—rg}=1_fé._2{{.c.+ 1}Rg+f'ciR;}




IN PHYSICAL ASTRONOMY. 365
“i”'w(l"'"“)} (2(—2-213?2_:)%1”3
- (2——-2m2——-c)9——-1{ {2—22_mc—c + l} R +2—25:-—6R3’}
n {1+3eg(1+ 8>} (2(3231132)21”4
T St
2—2m+c)—1| l2—2m+c *T2—2m+tc
. {1+3e2(1+%Q)}=;n.:"__2_lr5—7—,172_—1{R5+R5’}
7o {1 +3eé (l + E82‘)} = (2<3_3—3,;Z)i1r6_ (2-3?1»)‘2—-1{ {2—23m+ 1}R6+£_MRGI}
v {1 +3e9(1 + %3)} (2(3;)’;‘)_21% (2_2)2_1{{2_2,” + I}R7 +2_‘_"17nR7'}
e {1 —%2—2r3—-2r8}= 1= - 2{ {—i—+ 1}R8+29%Re'}
r {1+3eﬁ(1+ 8)} (2(22;"’202)2)_21@
—(2—2m320)2—1{ 2—22—1:—02c+1}R9+2_—2—:1““’i—2cR9'}
rm{l+3e9<] )} _(@=2md20p

©@—=2m+2c)°—1

2 24+2¢ m
—_ " __ R,
(2—2m+20)9—l{ 2—2m+2¢ + l}R“’-'-2—2m-}-2c 10 }

ra{t+se (14 %)} (C(jm)il (c+m2)2_l{ [ e 41) R“"*z‘f‘mR“'}
rw{l + 3¢ (1 + )} 2_(_2;;03';”3)?)% to
- (2—c—§m)2—1{ emam ‘}R”’f—cmw}
frese(re §) o
~ ] {2+ 1) e |

e iase (14 )= lom, R Ly
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(2—m—c)?
715 {1 + 3e? (1 + —) } (2__m_c)g) 1 tis
_ 2 2—c m
(2—m—-c2)-l{ gom—ct ! } R+ 2—m—c R/ }

(2—3m+c)®
T16 1+36Q(1 +‘—)} (2_3m+c)2_1r16

"(2—3m2+c)9—1{ 2—-23_{;)16+c+ }Rm"'z 3m +cR‘°'}
{l+3e‘3(1+——)} 4m% ty— 4m3__1{R17+R’17
r,s{l+3e%(l+8)} (2(-2-;:)72)21t
"(2—4;)9_1{ 2_24m+1}R‘“+'2—§4‘773R"8}
WO RE R YIRS,
rw,{l+oe2(l+ 8)}-—(1(1;)2”9 Yyon
"(1.-nlz)e-l{{1-2-m+3}3‘°‘+1.2__m;;R’°"}

2 1 —m—¢)?
rm{l +3e‘°(1 +£8_)}=”('1_(:._mlé‘é_—):):ir‘”

‘(l—m—lcw—l{ lzilm_—c)c”}’*f“r:zf:”‘“'}
{1436 (14 5) =TTt
_(l—m:‘c)g—l{ “(129?:-:)@+3}R'°3+r.‘:2§mm"ws'}
’“’*{H"See(l + 8)} (1(-1_;7,2:)?)Q p s
(1—2:11)2_1{{1-21 +3}R‘°4+ Rw‘*}
m =+0748013 ¢="991548 e ='0548442

Substituting in the preceding equations, and writing the logarithms of the
coeflicients instead of the coefficients themselves, we get

r, = 0-1460995 v, — 02308405 R, — 8-5192440 R,

ry= — 0:4450058 ¥, + 12154967 R, + 98181930 R,'
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7, = 00535010 t, — 9-7596140 R, — 7-8675954 R,

7, = = 77463524 t, + 02995642 R, + 0:2995642 R,

rs= 01617938 t; — 0:2917755 R, — 8-5887003 R/,

7, = 01326574 ¢, — 01741219 R, — 84541703 R,

7y = — 82495414 v, + 0:2456727 R, — 0-0558873 R,

7,0 == 0:0267023 1, — 9°4699640 R,, — 7-4508570 R,,'

7, = 0°0148582¢,, — 1-4456131 R,, — 0-0060992 R,,’

710 = 01990183 £, + 1:0704790 R,, + 9-6909293 R,

715 = 0:0504044 ¢,; — 9:7282013 R,, — 7:8306471 R,

71 = 07176313 t,, + 14125573 R, + 0:0058216 R,,'

75 = — 0:8282531 ¢, + 1-5070002 R,, -+ 0-0926384 R,,’
716 = 0:0568761 t,; — 97921334 K,; — 7°0057198 R '

r;= — 83558051 t,, + 0:3069571 R, + 03069571 R,,'
715 = 0°1803182 1,5 — 0:3576881 R, — 8:6633026 R,/

719 = 01210357 ¢,, — 0-1210357 R,, — $:3928848 R,/

T = — 07701884 v, + 1'5505062 R0, + 0:0464175 R,
Trop = — 76416818 1,0y + 0:4365911 R,y — 0:3511177 R0,
105 = 0°1340779 1, — 02746455 R,,; — 84613229 R,,,'
Fro0 = — 0:41313921,, -+ 1:2823979 R,o, + 97992116 R,

367

These quantities introduce into the expression for the longitude expressed

in sexagesimal seconds, the terms,

+{5°4942896 v, — 5'5790306 R, — 3-8674341 R,'} sin2 ¢
4+ {— 48656743 v, + 56361652 R, + 4-2382615 R,'} sin (2¢ — z)
+{3:95447101, — 3:6605840 R, — 1:7685654 R,/ } sin (2 ¢ + x)
+{— 27130189 v, + 5°2662307 R, + 52662307 R,'} sin z
+{37530252 1r; — 3'8830069 R; — 2:1799317 R} sin (2¢ — 2)
+{3'68875761, —3:7302221 R, — 2:0102705 R,'} sin (2¢ + z)
+{2:2203935 1, — 4'2165248 R, + 4:0267394 R, } sin (2¢ — 2)
+{25368240 r,, — 1-9800857 R, — 9:9609787 R, '} sin (2t + 2 )
+{3'4666708 t,, — 3:9974257 R,, — 2:5579118 R,/ } sin (z + 2)

3 B2

[4:7798951]
[41857212]
[3:1463242)
[5:7917274]
[3:0408572]
[2:9705948]
[45469577]
[16254969]
[2:2228889]
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+ {—2:88438191,, + 37558426 R,,+ 2:3762929 R,,'} sin (2¢ — 2 — 2) [2:4899904]
+{2:1652119t;; — 1'8430088 R,; — 9:9454546 R,;'} sin (2¢ + 2 + 2) [1-3488787]
+{— 333508501, + 4:0300110 R, + 2:6232753 R,,/} sin (z — z) [2:3541741]
+{—343777181,; + 41169189 R,; + 27021571 R,/ } sin (2t —x + 2) [2:3383041]
+{2:1945476v,, — 1°9298049 R,; — 0:0433913 R,¢'} sin (2¢ + & — 2) [1-3946097]
+{— 12465621 v,; + 3°1977141 R, 4+ 3'1977141 R/} sin 2 2 [3:4147879]
+{2:01536261,, — 2:1927325 R, — 0-4983470 R,/ } sin (2 ¢ — 2 z) [1-3033627]
+{1:8857018 v,, — 1:8857018 R,, — 0'1575509 R,,' } sin (2 ¢ + 22) [1:1626061]
+ {— 6:4194035 v, + 7:1997263 R,o, + 5°6956376 R,y,'} sin ¢ [5°3481901]
+{31744332 1,5, — 59693425 R, + 5:8838691 Ry, } sin (¢ — x) [6:4098870]
+{4+2060990 t,; — 4:3466666 R,,;— 2:5333440 R '} sin (£ + x) [3-4884264]
+{— 4'3240929 1,0, + 5°1933516 Ry, + 3:7101653 R’ } sin (¢ — 2) [3'6803018]

The preceding expressions serve to show the extent to which the approxima-
tion must be carried in the calculation of the quantities r, R, &c.

= 77464329, it is evident

If we take the term 5'6361652 R, since log. - P«

that in order not to neglect 01" in the value of 2, the coefficient of
m, a

M*’
fifth place of decimals, but not beyond. The number 41857212 is the loga-

cos (2¢—x) in the development of 3 R must be calculated exactly to the

rithm of the quantity (2_—':7’—7)%’ expressed in sexagesimal seconds, and
serves to show in like manner how far the approximation must be carried in
the calculation of %—f

When the square of the disturbing force is neglected,

3
m, a

m, as
3
2pa

Bumap
2mad _ 7m, a3
was 2pap

R, = By = = 2";123
)

To= — r, =37, ty =37, r, =0

A=143r,—

The equation of p. 5, line 8, gives rg = 0.

%=}7‘%{1_7 dA 2h2{./‘ }
?_Q:_}i(_l_i'_fﬁ___{ +a 31} {1—}-52}
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a® 2a% . 1 1\?
;e'+‘r"7+“*("°7) F{i+e)

s=rysiny 4+ ys,48in (2t —y) nearly

[146] [147]
s2=—?-2/—2 + ﬁ—szi‘il—y“smcos%—— ?g.cos2y+ygs,47cos(2t—-2y)
M (62) (63)
14+2=1+4 7?2 + 7—;3%47 {l — Y28,4,€C08 2 ¢ — ?'Z—Qcos2y+~/¢sgmcos(2t-—2y)}
[ [62] [63]
nearly
a? e?
~15=l + ?(l + -—eﬁ) +2e(l +-—e9)cosx+-—e9(l + —e)cost
(2] (8]
+ If 3cos3x+l9§e4cos4'x
[20] [38]

T_ 1 +e(1 —_— _> cosz 4 eg(l —_ -—)cosQ:v—}- eScos3x+ —e*cos4x
(2] (8] [20] [38]

If the coefficients corresponding to the different arguments in the quantity ;af,

be called 21", and the coefficients of the different arguments in the develop-
ment of the quantity

_na{fdkdt W{fg_%dtﬁ}g} be called #,, then

21‘@‘={1 +_72_2 +'}’ 32147*} {] +—e;_<1 + %e‘ﬂ)-{»- 2,,.0+TOQ+7‘ 1‘2 +e9132e97‘4 +e, 7s?

ey +r) ot e2(rg+ 1) 7‘5}
ry = {1 +7§+7§s%47}{1 + -gl e@+r9+—;—(l-‘3;—) {2r0+e9r8}+ E;rg
+ (rs +15) 7'1+2"'o7'9}

* ($147)% 1s intended.
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Ty = {l +y + 2 39“7 {rs-{-%-(l—g) {e@1’9+r1—72s147}+—§n+ Ty + 2’"0"‘3}
= {l + »/2—2 + %ism; } {7‘4-} %(1 - %‘i) {"'1"‘7%147 + e%'m} +i§7~3+ 7‘17‘2—}-27*07"4}
vy {1 + L +“°Qx47 { (1 _%) {eﬁrm—{-egr”} +r,r,+r,r6+2r0r5}
e = {1 + 2 +Y~3147 {¢6+ (1 -—_.) {e%rm-{»egrw}—}-rsrl+2roro}

£ {1 +7 __sm {r7+ (1..__) {e r,,+egr19}+r5r,+2ror7}

vy {l + Z; +7—§—s‘2147} {7‘8 +—;—(1 ) {7'2'{" e 7'20} + 7 + -—-e Ty

F 12 s + 7y + Tx"m}

1

i

1

. 2 2 2 2
¥, = {1 +Z—+ %—392147}{’94";—‘([ ___e_s_) {eﬁrm-l-ra}—}- % ”'%‘Sm

+ 1260 Ty + Ty +27'o"'9}

. 2 2 1 2 2
Yy = {1 + %‘!" 2%32147} {""10"" "'2“(1 - %) {"’4"!‘ egrw} + % - Yg""m

+ 1—969 T3+ 7475 + 27"07\0}

T, = { 14 Z; + Z;-sﬁm } {r” + _;- (1 — -%Q) {r,,—{» 397%} -+ _e; LEVE SRR ATIE ST ST A
+ reTy + 197, + 27'07*”}

Yo = {] + 7_;3—!— ?;s“m } {rm+ %(1 — fB:) {(—:91',‘,4 + rﬁ} + —f;rm+r“rl+rgr6+r5rs+21},rm}

Ty = {1 + 2;-!‘%25‘%47} {r,s-f- ; (l ——-) {1*7 + e r%} +——r1,,+r”r +rgr7+r5r4+270'rm}

ty = {l + Z; +'7_g sgm} {rm-{- —é—(l —_ fg) {egr%+ m} + —e;—r“-}-rwrl+ Tis Ty To Ty 767,

+ 7 v+ 21‘07*,4}
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= {l +7 + X 32147 s+ -—(l ———-) {e rg7+r7} +.— Ty + T 7y + 17y + r5r3}

A 7? Y o 1 e 2 2 2
¥y, = + 2—+—2—s,4,7 r17+? l—§ v+ 1y p + 12 ruret T g+ 17y

. o 2 2 3
Ty = {l + 12- + 22—32147 } {7'16+ —; (1 - %‘) {"'6'}'697'28} + %‘rw‘i"'mrx + 7o76 -k 757'4}

TL18 = {l + YQ + s12147 Tt 5 (l — —) {€QT30+997'34} +rpr 7'6}

. 2 2 1 2
Ty, = {l + '_7.2— + Zz_sgm} {rxg-*— > 1 — %) {621‘33 +e2r3,} + 77+ 7'77'5}

A = {22:°+ 2e0 o+ 1V B, + v By + v B, + 21 By + ety W + e,9r7‘§$7} ¢

-~}

2_12 - {2¢) + 2v, 18, + 2¢, 18, + v, B, + v, B, + v, ], 4 21, 1R,
+ et Be + e2t, B, + et B, + 21, 18, }sin2 ¢
[1]
1 \ \ A \ \ Al -
+— {20, + 2t B+ 20, 1By + v, B, + v, By + v, 1B, + v, B, }esinz
[2]
i l AY A A \ .
T ETIm =0 125 + 2t B, + 20, B, + ¢, B, + v, 18, } esin (2¢ — 2)
3)
1 AY \ \ A} .
+ m{QtQ + 2t B, + 20, By + ¢, B, + v, B, esin (2¢ + 2)
[4]
1
{20+ 200 By + 20 B + 0 B, 1 B + v B, + v, B, e sin
(5]
1 N . \ .
4 (_2.:_3_";)_{21‘6 + 21, B + 25 By + v, B + 738, } ¢sin (2¢ —2)
(6]
1
m{2r,‘+2co‘aa7+2r; Bo+ 1, B/, +1, 3, } ¢sin(2¢ + 2)
(7]
] \ \ Y \ \ \ \ A} 0 8 om O
+§}{2r8‘+2r0338+2t8 Wo+t, B+, B+ o Byt v, + 0, By 4 1B, + 1,03, }e2sin2a
(8]
1

T 1280+ 20 By + 20 B+ 1) By 10 B ok 1 B+ 178, J et sin (2 —20)
(91
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1 Ay * A Al A H
+ C=2m+2¢c) {2t 42t Ryo4+ 2810 BWo -+, R + R, + 1, B, + ¢, } esin (2 ¢+ 25}

[10]

(c + m) {2¢, + 2¢, B, + 2t 3304" B+ B+ R 1B, e B v B

+to By + By + B, + v, B, ) eesin (2 +2)

1]
l AY . AY i * A Y A Y %
+ (2—3m—c) {200+ 20 Wy + 20,0 Wo + 7 By, + B + 171, 4 /B, + v B,
+ 1t R, }eesin (2t —a —2)
(12]

1 Ay Al * AY AY Al 3
+ C—m+to {2 + 200 By5 + 20, Bo + ¢, By, + 1, B, + v, By + ¢,

+ r7 B+ v, B, }egsin(2¢ 4+ 2+ 2)
[13]

1 A} Al Al A A Y Al LY A
T (c —m) {Qtl‘i 20 B+ 20 B o,/ Bg+ o/ B+ v By + e W + 0/ B, + 1, B
+ 1o W + 1’; By + vy By + 16 331}’ eesin (v —z)
[14]
1 ) . 1y \ . 5 . Y ~
+ Z=m—=rc) {21'15 + 2% B+ 2t Bo+ 6, B+, B+ 17 B v, B, + 0, R,
+ 1, B teesin(@t—a+2)
[15]
]' Al AY AY A} Ans % A Ay
+ F=3m+o) {26 + 200 Bys+2v, s By + 17 By + 1. B + 1.0 B, + v By + 1536,
+ 1, B, }eesin (2¢ 4 x4 2)
(161
+ 2m {2 t'175“" 210 By + 20, Bo + 17 By + v W + 17 B + v B, + 17 B + 1, B,

+ rlg‘ﬁﬁx} e2sin2z
[17]
I A} AY ) AY Y Y % A} H
+ (2 —4m) {21'13 +2r0 ia18'}" 21’18 33'0'*‘ ) g&1‘7 + 1 3&5 + s 3&5'{" ty %x} e,QS'lﬂ (Qt-—- 22)
[18]
1
+ 5 1200 + 2t By + 20,0 Bo + 1, By + 1, B, + 17 B, + v, B, Fe2sin (2¢422)

- [19]
I. - A A} A A A Y ’ A Y
+ 1—-m {2t + 200 By, + 2t W+ 1, By + 2 Bpp + €21, W + 215 B

+ v, Wos + e Wios + 27 Wiop + 710 R, }sint
[101]
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These examples will serve for the present to show how the development may
be obtained from Table II.
M. Damorseau has given (Mém. sur la Théorie de la Lune, p. 348,) the ex-

pression for aB—}é in terms of the true longitude. In order to obtain a com-

parison of his results with those which may be obtained by the preceding
method, it is necessary to transform his expressions, which may be done by
LacranGE’s theorem, into series containing explicitly the mean longitude.

If we suppose
L = A+ Acos N —2mA) + ed,cos (X — @) + edycos (2A — 2mA — cA + @) + &c.

;
s=Buysin (@A —v)+ Biyysin (A —2mA — g A +v) + Bgysin (2A —2m A’ 4+gA —v) + &e.

nt = A+ Csin (2A —2mA) + e Cysin (cA' — @) + e Cysin (2A — 2m A’ — ¢ + @) + &e.

in which expressions 4, B, ¢ are the same quantities as in M. DaMoisEaU’s

notation, the indices only being changed according to the remark, Phil. Trans.

1830, p. 246, in order that Table 1I. may be applicable to the transformation
1

required; 2' is called », and 3. —, du in the notation of M. Damoiseav.
=4, + _;_ (2=2m) 4, €y 5 e 4, Cy + % (2 —2m —c) &, Cy + -; 2 —~2m+0)ed,C,
r

+%a4@+m.

+ {Al— -%-ceQAQCS+ ~21— ce"AQC4—-‘-‘lz—(2—2m-—c)e9Ang+ -%- 2~2m+c)erd,C,
»—-—;—meﬁA5Cﬁ+-;—me,2A5C7-—-;~(2—~3m) e2d; C, + —;— (2 —m) e,QA7C5}c052t
(1]
+ {Ag—k .;_(2—21n),4104+% @—2m)d,C+ L@ —2m—c 4,0

+ _;_ @ —2m+0) A4Cl}ecosx
(2]
+ {A3+ L @=2m 4G+ S AQCl}ecos(2t-x)
[3]
+ {A4— %(2——2"») 4,6, -——%AgCl}ecos(2t+x)
[4]
MDCCCXXXII. 3¢
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+ {A5+ % (2—2m) 4, C,+ _;. (2—2m) 4,C; + .;_('2-3m) 45C,

+ _é_(z—m)A,Cl}e,cosz

[5]
{ 1 m
-+ s+ .2_.(2—2m)4105+—é-A5CI}G,COS(23-—Z)
(6]
+{A.,-- 1 (2—-2m)AlC5—-%-AﬁC,}e,cos(2t+z)
[71

+{d+ L @—2m A Cot £ @—2m) 4,0 = £ A0+ L (2 —2m—0) 4,C,

g @=2m40) 4,0+ L @—2m—20 4,0, + 5 B—2m+20) 4,0, | etcos 2

(8]
+ {A9+ _;, (2—2m) 4,C, + 5 4,C, + (2 —2m—c¢) 4,0, + c4,C, }e“cos(Zt-—Zx)
91
+ {Am— .%. @—2m) 4,C,— £ 4,6,— 1 (2—-—'2m+c)A4Cg—cAsC,}e9cos @+ 22)
' [10]

+ {A,,+.;. @ —2m) 4,0, + 4 2 —2m) 4,Co— £ 4,C, + 4 @—2m—0) 4,C,

Lye - 2m+c)A4Cs—--—-Asc'g+—-(2 3m) 4,C, +~(2 m) 4, C,

to[- to]

(2—3m—c)4,C }ee,cos (z+ z)
RN

+{dut 3 @=2mA4,C+ S AC+ 5 @—2m—0) 4,6+ P 4,C,
+ %—(2-—3m) 4,C, + —-;-(c-}-m)A,,C’,}ee,cos(2t—x-z)

| [12]
i ;
+{dls——5—(2—2173)4,0“—-%AQC7——I§-(2-2m+c)A4C5——’;iA5C4

- %’ 2—m)4,C,— % (c+m) 4y C,}ge,cos(2t+x+ 2)
‘ [13]
+{du+ 5 @—2mac,+ L@—2mAcC+ S 4,0+ L @—2m—0) 4

1
tg @=2mt ) 4G+ 2 AC+ L @ sm 4+ -;—(Z—m) 4,¢,
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+ .;_ (2—3m+c)A15Cl+—%—(2——m-—-c)AmC,}ee,cos(m—z)
(14]
1 4 1 m
+ {A15+ 5 @=2m A Ct 5 4,6~ o 2—2m—0) 4,C— 2 4,C,
+ —;— 2-m)4,C, + -é— (c-—-m)A14Cl}ee,cos(2t—a:+ z)
[15]
+{ =g @=2m) 4, Cim £ MGt 5 @—2m 4 ) A,C T ALC,

—_;_ (2=3m) 4,6~ ¢ (c—m)A,4C,}ee,cos(2t+ 2 —2)
[16]

+{dy+ 5 @=2m) 4,C k- @—2m) 4, Com G 4G+ 5 2—3m) 4,C,

+ @ —m) 4, Cy + (2 —4m) 4y, C, +A190l}eﬂcos2z

(171
+ {A,_8+ S (@—2m) 4, + 1’2"_/1506-;._;_ (2 —3m) 4,C, + mA,,c,}e,ecos (2t —22)
[18]
+ {A,Q — _;_ @ —2m) 4,C,; — 2 4,6, — % (2—-m)A(,-Cﬁ-mAl.,Cl}eﬁcos 2t +22)
[19]

Similarly

1 1
‘r"={BHG"["'%"(2"‘2""’*'8')018148_?(2‘—2"“'8‘) CxB147+‘2“ (c+g) e Gy By

--..;- (c—g)etC, By, + %-,(2—2m-c+g)eQ03Bl5Q—-; @2—2m—c—g)e*C;B,,,

1

1 .
+=@—-2m+c+g)C.By— ‘2‘(2"“2"“"0“8’)0413153

w|

(m +g) 2 Cy Byys— '%‘ (m—g) élg C; Bms} ysiny
[146]

+

o] -

1
+ {3147" %013146—’ ] (2—2m-—c—-g)e‘2023m+—;-(2-—-2m+c—g)e‘309B,53
1 1 1
Y (c—g)erC; By, ~——2—(c+g) C.By, "'—2-(2"'37"_8') e2C, B,
1 .
+?(2--m—g) e,9053,59}4ys1n 2t—y)

[147]
3¢2
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+{B14s——g‘013146—'%‘ (2—2m—c+g) eCy B, + %(2—2m+0+g)82093154
1 1
—-2“(0‘*‘8')92033}50 - -72-(0—8’) C,B, _—;‘(2—3”’4'8') e2C; By

1 . .
+ 5 @2—m+g) e,ngBlso}'ysm 2t+y)
[148]

1 .
+ {BHQ + 3 2Z—2m+c—g)C By — ";!; (2—2m—c+g)C B, — %‘ Cy B,y

1 .
+ 5 (2—=2m—g)C; By~ ‘é— 2—2m+g) 043148}373“‘ (z—y)
[149]

1
+{B1bo+—‘2"(2“‘2m+c+g)013154‘“-—12-(2—2m—c-g) Clesx—‘g—CgBms

1 .
+ D] (2—2m +g) C; By — ‘;“ 2—2m—yg) C4B147}e7sm (@ + )
[150]

+{Bis— g € +8) CBuot 5 @ —2m—g) C,Buy— & OBy b eysin @t =z =)
[151]
+{Bm—’;“(c"g)ClBMy"‘%(2—2"14‘8’)093148—'g—CaBms eysin(2t— a4 y)
[152]
+{Bms"‘%‘(c"'g)cleg‘“’——;—(2"27”“‘5')023147""%043146 eysin (2t +z—y)
[153]
+{Bw4“"‘é‘(c+g)013150_’%’(2""‘2”"'!'@02-3148“‘52“043146 eysin(2t+ax+y)
[154]

1 1 . .
+ {Bxss+ 5 (2—=m—g)C By — 7 (2—3m+yg) CIBIBS_%.CF)BHG e ysin (z2—y)

(1557
1 i .
+{Bx56+—2~(2—m+g)013160— —2—(2-3m—g)C,B157——:g-C5BMS e, ysin (z + y)
1 1 [156]
+{3157—~2—(m+g)0x3156+-§(Q—Qm—g)QBm e, ysin (2¢—z—y)
[157]
+{Bxas"~;—(m—g)cx3155+—é-(2-2m+g)C5Bl4a}e,'ysin(2t-—z+y)
[158]

1 1 .
+{Buy= 5 M=) CBis — - @—2m—g) C, B,y }eysin @tz —y)
[159]
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+ {Bxeo -—%—(m +8) C, By “‘% (2—2m+g) C;Byys pe,ysin (28 + 2+ y)
[160]
In order to verify these expressions, suppose

= A4,ecos (c A — =) s=1y Bsin (gX — ) nt=A+ C;sin (22 —2mA)

%lg

Then by Lacrancg’s theorem, neglecting 4, 42 ¢, &c.
L= Ad,ecosx + ced,C sin2tsinz nearly
r

_..Aecos:v+ ;C‘ecos(‘zt Z) — ) C‘ecoq(2t+x)
2] (3] 4]

which terms are found in the expression which I have given above.

Again, by LaGranGE’s theorem,
s=1 B;ssiny — gy C, B ssin2tcosy

gcl gCB

=1 B4siny — 2110 gin (24 — y) — 5 199Y §in (2t + o)
[146] [147] [148]
which terms are found in the expression which I have given above.

The numerical values of the quantities 4, B, ¢, according to M. Damoiseau,
are

4, = ? [30] 4, = 00709538 (1] 4, = ;
#[31] 4, = 2024622 [32] 4, = —'00369361 [16] 4, = — 0056375
[33] 4, = 0289158 [34] 4, = —-0030859 [2] 4, =-003183?
[35] 4, = 347942 [36] 4,, = 001970 [19] 4, = —*19737
[41] 4,, =-516174 [42] 4., ='0026238 [18] 4,, = — 286046
[39] 4,, = — 060625 [40] 4,5 = — *014546 [17] 4,, = — 006930
[43] 4,, =-08125
[30] C, = — 009216 [1]1 C, =—2:0044055 [31] C, = — *4138664
[32] C, =-012939 [16] C, = — 194385 [33] 0, = — 394172
[34] C, ='0038267 [2] € =-745169 [35] C, = — 286413
[36] Cy, = — 012575 [19] C,, ="365516 [41] C,, = — 108891
[42] C,, = —-008551 [18] C,, = —-607534 [39] C,, = ‘11587
[40] C,s = ‘055936 [17] C,, = *12755 [43] C,; = —-11432

* These are the indices of the arguments in M. Damorseav’s work.
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[0] B, = ‘0284942 [2] B,= —-019169 [6] B, = — 020785
[5] By = 006113 [8] B,,; = —*081170 [11] B,,, = 071237
[10] B,,,= — ‘0033394

Having found the coefficients of —;f—, those of ':— are easily determined.

__.~—{l -—_ _sﬁl,,,-i-?’;smcos%
72 72 N
+ Z-cosZy-— G S147 €08 2t —2y)

if the coeflicients of —:;z% be called r,,

et )
Q Q2 . 2 . 2 i
o {1—%—7—:-1—82147}% +Z—3147rs +%81477'4

4
2 2
rg__{l——'yz 771- (l—-— %3141
2 2 2
7= {1__')/2___7 ‘2147 rs + l—-- %sw

o
Ay LY
77 + %‘3147 76

3 ) N 2 \
rg == {l -%—“%‘SQ147}T6 + 9:1—314775
e )

If we suppose
a
7

— =147+ e(l +f)cos<n(l+k)t+e-—zzr>+e,j}cos(n(l+Ic,)t+s,-«@7‘>

o < a, we find

7D SO N _@{@_ _ba }
To= D Qaﬁba’o 2a‘gbs,1f k= e a‘sbs,o Tap bs
Si{ Q4+ E)2(l "37‘0)—'1}—2—721’3,9
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4
If #»{l+2r}=n and n*‘:(ﬁﬁ3 a=a{l+§_ro}

If 2 e is the coefficient of sin (n Q+ktd+e— &7) in the expression for the

longitude,
e(l+f)=e(l+k—ry)

a 1 >7 ‘
2 =1 ._.3.r0+e{l-}-k-——é-ro}cos(n(l+k)t+e—w)

r

+ e, f,cos (n(l +k,)t+s-—w,)

3
=1,

Gl&as 3,0 I"‘
+e{l—6m::33 50 — m,a bs, } cos( (1 m, a* bSI)t-Q-s—-w)

+e,f,cos(n(l +k,)t+s—w,)

%:l +-;—r0—e{l +7c-—g—ro}cos(n (1 +7t)t+s-—w)

— e,f,cos (n(l+k,)t+s-—w,)

=1+

-—e{l+6‘%as 9,0 — 5m‘ ba,}cos( (1 m, bgl)t+8-— )
-—e,j}cos(n(l+7c,)t+e-—w,)

If a < a, as before, and

%L: 1+ 1+ ¢ (1 +f') cos (n,(l +k’)t+el—w‘) +eﬂcos(n,(1+k,')t+ e,——w)

i

we find

m [ 1 a m 5a
e pinemgn) Rt

A{a+mr-sn)—1}= pe b

4
If “;{l+2r°}=n, and nﬁ:%, a,=a;{1+~3—"':o}
()
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ma
6w, q bo

m
-}-e,{l+g-{;lb3 63, }cos(n,(l

+ ef] cos (n, ¢ +Ic,’)t+s,—-w)

7,= ﬁub’°+

3,1

)

t is the mass of the sun + the mass of the disturbed planet, which is not of
course the same for both, but the difference may be neglected in the planetary
theory.

Larrack determines the arbitrary quantity f, upon the hypothesis that the

coefficient of the argument sin (n Q+kt+e— wl) in the expression for the

longitude equals zero. According to the received theory of the moon, the true
longitude is expressed in a series of angles consisting of various combinations
of the qu'antities ¢, x, y and z, and their multiples and no others; and in this
theory the angle # 4+ =z occupies the place of the argument nt 4 ¢ — @, so
that omitting ¢ which accompanies ¢,

.‘;=l+ro+e(l +f)cos(cnt—m) +efcos(nt—nt+cnt—m)

_g.L=] + 1,0+ ¢ (1 +f)cos(c'n t — @) + ef/cos (n,t —nt+cnt—a)

ma
3,1 ¢=1=— b

=1 1
dpal ™ 4pa > neary

n, (¢c,— 1) = n k%, = O nearly

15 m, a*
f,{(1+k)e(1_3ro)—1} 2’"10263,2 8;"('1“1

m, a® ) __ba
2wap Ji

Ty = —

* ¢ and g are determined by quadratic equations,

m a? a?
\/{l + - —-Zl—lgbs,o"' }Zﬁbs’l} }

c= pou P
1 A Sadi — —— b,
+ 3 {2‘1’3 3,0 2a‘9 3,1

m, a2

__l(.‘._bsl nearlv.
2 9 -

4pa,

=1



IN PHYSICAL ASTRONOMY. 381

This gives for the coefficient of sin (¢ 4- 2) in the expression for the longitude

3m, at
+ {2a, S‘wIa“*}e‘
which in sexagesimal seconds is 21”7, according to M. Damoiseav it should
be 17756.
Finally,
.j_;= m, 7m, } osx+—-—-e,cos(t+z)

A=ni+2esinz + gz g:’Z’ }e,sm(t+z)
[

Substituting for b, ,, b, , their values in series
3.50  3.3.5.7a" oo

a,3.3.5 _
b“’""?,"' 2.4ap + &c. bya= dap + 2.4.64ar

3 e
c=1-3m2 ¢ =1-3m%
dpap 4pap

I have shown, Phil. Trans. 1832, p. 38, that when a < ¢,

m, 3a®
g=1+= {as 20 4a,363'1}

m, a2
bg,

gn=n { 1 +
Similarly it may be shown that

g1—1+m{b3, absn}

bs,

s =1n {1 +
e,

The arguments
nt—y, nt—y, nt,—vy, andnt —v

occupy the same place in the expression for the latitude as

nt—mw, nt—w, nt—w, and nt —w
in the expression for the radius vector. Similar methods may be employed to

determine the arbitrary quantities, so that no other angles occur in the ex-
pression for s except the quantities ¢, «, 2, y, and if the quantities c and g are

rational, no imaginary angles can be introduced.
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